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We report nonequilibrium molecular dynamics study of heat transfer in binary Lennard-Jones superlattices.
The influence of the characteristic height of the interface roughness and the superlattice period on the in-plane
thermal conductivity is reported. We observe that in-plane thermal conductivity first decreases with an increase
in the characteristic height of the roughness. For perfectly periodic roughness, it seems that the thermal
conductivity exhibit a minimum value when the characteristic height of the roughness becomes comparable
with the superlattice period.
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I. INTRODUCTION

Superlattices are structures composed of alternating layers
of two or more different materials arranged either randomly
or periodically.1 The most studied superlattices are those
composed of two materials with a certain degree of period-
icity. The interest in superlattices arises because they exhibit
new combinations of material properties as, for example,
their low thermal conductivity, � �Ref. 2�. This makes super-
lattices promising materials for applications in devices such
as semiconductor lasers,3 optical data-storage media,4

thermoelectric,5,6 and thermomechanic devices,7 where the
thermal-conductivity characteristics is important for the de-
vice operation.8

Thermal conductivity of the superlattice depends on many
factors. In bulk materials, the temperature affects thermal
conductivity mainly by controlling the intrinsic phonon
mean-free path. The periodicity of the superlattice modifies
the phonon-dispersion relation and more specifically the
group velocity of phonons due to zone folding.9,10 Further-
more, interfacial roughness plays an important role.11 All
these factors typically lead to the cross-plane thermal con-
ductivity of superlattices being at least 1 order-of-magnitude
smaller than the thermal conductivity of the bulk materials
that form the superlattice.12 This reduction has been ex-
plained by zone folding or more specifically the formation of
the mini-Brillouin zone—the so-called mini-umklapp three-
phonon-scattering process13—that causes a reduction in the
group velocity of phonons.11 Alternative to zone-folding pic-
ture is one based on phonon scattering at interfaces. In this
case some authors claim that this reduction is caused by a
complete diffusive phonon scattering,14,15 while others cite
the acoustic mismatch difference and phonon filtering.16

Phonon filtering occurs when phonons of wavelength �0 sat-
isfy the Bragg condition �0=2d0 �where d0 is the superlattice
period�.17,18 Li et al.19 performed a systematic study on
SixGe1−x /SiyGe1−y, and showed that the influence of the x /y
ratio on the phenomena is related to the behavior of phonons
at the surfaces. Simkin and Mahan20 distinguished two re-
gions where the phonons should be treated as waves or par-

ticles, depending on whether the layers are thinner than the
phonon mean-free path or not. Thermal conductivity is also
affected by the level of doping of the superlattices.21,22

An intriguing effect in the simulated cross-plane thermal
conductivity of superlattices is the appearance of a minimum
for superlattice periods of 8 to 10 monolayers, in contrast to
experimental results.8,23–28 The reason for the discrepancy
between experiment and theory is claimed to be due to the
quality of the interfaces.12 Volz et al.29 also mentioned the
problem of the unpredictable behavior of heat carriers at the
rough interfaces because of the complexity of the phonons
reflection mechanism �mode conversion, inelastic scattering,
angular, and wavelength dependency�. In support of this ar-
gument simulations of smooth interface superlattice showed
the appearance of a minimum in the thermal conductivity
due to miniband formation26 while this trend disappears for
rough interfaces. This can explain the absence of a minimum
in the experiments. This minimum occurs when the phonon
mean-free path is of the same order as the superlattice period
length and the lattice constants of the two materials that form
the superlattices are very close to each other. Simulations
also demonstrated that surface stress due to lattice mismatch
greater than 4% leads to the disappearance of a minimum in
the thermal conductivity. In a recent study, Donadio and
Galli found that nanowire’s thermal conductivity strongly de-
pends on the nature of the surface structure �more or less
amorphous�.30

Marty et al.31,32 developed a new method to manufacture
deep silicon trenches with submicron feature sizes �Fig. 1�.
The height and periodicity of the wavelike shape of the sur-
faces can be monitored. When the trenches are filled in with
another material, they give rise to superlattices with inter-
faces whose roughness can be modeled with periodic geom-
etry. These new nanostructured materials are good candidates
for nanophotonic and thermoelectric applications. For the
latest, it is then important to optimise the roughness charac-
teristic sizes to get the lowest thermal conductivity. In our
investigation we will focus on systematic exploration of the
role of the interfacial roughness on in-plane thermal conduc-
tivity. While prior simulation studies show thermal-
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conductivity reduction due to roughness,14,33,34 the roughness
studied was limited to a couple of atomic layers. In the cur-
rent study we vary the interfaces roughness from a single
atomic layer to values even greater than the half of superlat-
tice period. Perfectly periodic geometries and randomlike ge-
ometries of interface’s roughness will be considered.

The maim aim of our current work is to elucidate the
interplay between various lengths involved in the thermal
transport including �i� the characteristic height of the rough-
ness of the superlattice interfaces, �ii� the superlattice period,
and �iii� intrinsic phonon mean-free path of bulks materials
forming the interface. Motivated by the experiment31,32 as
shown in Fig. 1 we will focus on the periodic-roughness
structures. However, for comparison we will consider similar
structures but with random roughness.

This paper is organized as follows: in Sec. II, model sys-
tems, nonequillibrium molecular dynamics �NEMD� method,
and the methodology to determine the thermal conductivity
of the superlattices is described. In Sec. III the results on
in-plane thermal conductivity of superlattices and associated
thin films are presented and compared against prediction of a
continuous analysis. The last section contains the conclu-
sions and a discussion of the future research.

II. MOLECULAR DYNAMICS SIMULATION

A. Nonequillibrium molecular dynamics method

There are three principal techniques used to evaluate the
thermal conductivity via molecular dynamic simulations;35

�i� the equilibrium approach based on the Green-Kubo
method,36 �ii� heat source and sink, also called direct method,
NEMD based on the creation of temperature gradient, �iii�
and the homogeneous NEMD, where a heat flux is induced,
however, without a temperature gradient thus allowing to use
periodic boundary conditions in a similar manner as in the
equilibrium approach.37,38

The direct method, proposed by Kotake and Wakuri,39 is
similar to the hot-plate experiment setup. A temperature gra-
dient is imposed across the structure under study by impos-
ing thermal power exchange between heat source and sink

and measure the resulting heat flux.40,41 An alternative, but
equivalent way is to induce a heat flux and to measure the
resulting temperature gradient.42 In both cases the system is
first allowed to reach a steady state, after which a prolong
simulations are conducted allowing to obtain correct statisti-
cal measurements.43 The NEMD method is often the method
of choice for studies of nanomaterials41 while for bulk ther-
mal conductivity, particularly of high-conductivity materials,
equilibrium method is typically preferred due to less severe
size effects. The comparison between the two methods were
undertaken by many researchers, with a main conclusion that
the two methods give consistent with each other
results.41,44–47

B. Simulation setup

The basic geometry for in-plane conductivity simulations
is presented in Fig. 2. The heat flux is imposed along the z
direction. Periodic boundary conditions are used in all direc-
tions. The planar-slab heat source is located at the center of
the simulation cell, while heat sink is located at the edges.
With periodic boundary conditions employed, the resulting
steady-state temperature profile is symmetric about the cen-
ter normal to z plane. To study the in-plane thermal conduc-
tivity, half of the simulation cell is made of material A and
the other half by the material B with the interfaces normal to
x direction. Figure 2�b� shows the typical temperature gradi-
ent across the structure.

The molecular dynamics code LAMMPS �Refs. 48–50� is
used in all NEMD simulation. For the description of inter-
atomic interactions, Lennard-Jones �LJ� potential is used.
The later is justified by our interest in the main phenomena
introduced to the thermal conductivity by the interfaces.
More realistic potentials are planned to be used in the future.
All calculations have been performed with structures first
equilibrated at a temperature of 0.15 �in reduced LJ units�.
For all calculations the LJ energy unit �ij =1.0 and length unit
�ij =1.0 are used. In consequence the two materials, which

FIG. 1. SEM pictures obtained by the group ESYCOM and
ESIEE at Marne-la-Vallée, France, showing two submicron
tranches in a silicon wafer.

(a) (b)

FIG. 2. �Color online� �a� Geometric configuration to simulate
heat transfer with periodic boundary conditions. �b� Example of a
temperature profile of the system in the z direction with cold source
at TC=0.12 �LJ� and hot at TH=0.18 �LJ�.
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form the superlattice have the same lattice constants and ef-
fective elastic constants. They only differ by the mass of the
atoms with mass ratio equal to 2.0. This ratio lead to the
acoustic impedance �Z=�0c, where �0 is density and c is the
speed of sound51� ratio of �m2 /m1 which is similar the im-
pedance ratio as that of silicon and germanium �

ZSi

ZGe
�1.78�.

The ratio of the acoustic impedance of the two media
determines reflection and transmission coefficient of acoustic
phonons across the interface and thus greatly impact the ef-
ficiency of the energy transfer and superlattice conductivity.
A similar simulations setup with a mass ratio of 1:4 and the
same LJ parameters was used by Stevens et al.34 to perform
molecular dynamic simulations of the energy transfer across
an interface.

In all simulation we use the molecular dynamics time step
of 0.001 �LJ time units�. The calculated temperatures and
energy flux are averaged over a large number of time steps
�1–20 million steps�, after the steady state is established. The
steady state is attained after about 100.000 time steps for the
small systems, while for the largest ones 0.5–1 million time
steps are required. After reaching this state we collect the
temperature profiles and monitor the heat power of the
source and sink over several millions time steps, in order to
achieve a good statistical accuracy. The knowledge of the
heat flux and the temperature profile allows one to determine
the thermal conductivity using the Fourier’s law,

j = − �
dT

dx
, �1�

where � is the thermal conductivity and dT /dx is the gradi-
ent of the temperature.

In all simulations the average temperature of the system is
kept constant at 0.15 �LJ� while it is achieved by maintaining
the heat sink at 0.12 �LJ� and the source at 0.18 �LJ�. These
temperatures are well below the triple point and thus repre-
sent a typical inorganic solid and ambient. Furthermore, at
T=0.15�LJ� a phonon mean-free path of the bulk material is
comparable to the superlattice periods used in our simula-
tions. The influence of the size of the hot and cold baths �Fig.
2�a� areas TC, TH� is negligible as only minor quantitative
changes occur in thermal conductivity. After the above veri-
fication, all the calculations have been done using a thermo-
stat size of four monolayers.

Figure 3 illustrates the method used to determine the ther-
mal conductivity of a system with a specific roughness. The
system size is given by nx�ny �nz, where nx, ny, or nz are
the number of lattice parameter in the x, y, or z direction. For
each specific roughness, simulations were performed for at
least four structures with different sizes in the z direction. In
the example of Fig. 3, z dimension of the structures that have
been studied are 20, 40, 80, and 160. For each size, the
steady-state heat-transfer rate and temperature gradient is de-
termined from which the thermal conductivity have been cal-
culated. The method proposed in Refs. 41 and 52 was used to
calculate the uncertainties in temperature and heat flux.
Then, as suggested by Schelling et al.,45 by plotting the in-
verse of the thermal conductivity as a function of the inverse
of the system size in the z direction, the thermal conductivity

for an infinite system size can be extrapolated, as well as the
corresponding phonon mean-free path can be calculated.
Schelling et al.,45 making the assumption that the majority of
the heat is carried by the acoustic modes, proposed an equa-
tion for the thermal conductivity as a function of size and the
mean-free path,

1

�
=

�0
3

4kB�
� 1

l�

+
4

Lz
� , �2�

where kB is the Boltzmann constant, � is the group velocity
of the acoustic branch, l� is the mean-free path for an infinite
system, and Lz is the length of the simulation cell. This equa-
tion gives an estimation of the slope of the 1 /� function of
1 /Lz.

C. Model structures

The size effects in all directions have been examined with
purpose of finding a size for which the values of the thermal
conductivity and phonon mean-free path are converged. In
all structures atoms are arranged on face-centered-cubic �fcc�
crystalline lattice with the x, y, and z directions correspond-
ing to the �1,0,0�, �0,1,0�, and �0,0,1� directions. For the no-
menclature of the characteristic length scale of the interfaces
we use the term monolayer, which in an fcc lattice is equal to
half of the cubic lattice parameter, 1

2a0. We studied structures
with two different superlattice periods: d0=20a0 and d0
=40a0. The slabs that have been simulated have sizes of 20a0
and 40a0 in x direction and 10a0 in the y direction while in
the z direction the size was varied from 20 to 160a0 �Fig. 5�.
The system size in x direction, which is the direction of the
superlattice periods, has been chosen to be of the same order
of magnitude as the phonon mean-free path. Recall that the
phonon mean-free path is a function of temperature. In the y
direction the system size was chosen to be large enough such
that it no longer has any influence on the thermal-

FIG. 3. �Color online� System-size dependence of inverse ther-
mal conductivity on the inverse size. Data are shown for superlat-
tice with rough interfaces of 2�0 for four different sizes in z direc-
tion �20, 40, 80, and 160�0�. From this kind of graphs we can
calculate the extrapolated thermal conductivity and also the phonon
mean-free path for infinite size system.
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conductivity results. The variation in z allows to define the
extrapolated thermal conductivity for infinite �lateral� size
superlattices and also to determine the phonon mean-free
path, as explained above. The interfaces are oriented along
the �010� crystallographic plane and the shape of interfaces is
chosen to be right-isosceles triangles in the xz plane.

First, superlattices with period 20a0 are studied. Two
kinds of interfaces are considered—interfaces with a periodic
right-isosceles-triangle geometry whose height varies be-
tween 1 atomic layer or 1

2a0, a0, 2a0, 4a0, 6a0, 8a0, 10a0, and
12a0 for the superlattices with period 20a0. The 10a0 and
12a0 characteristic heights of interfaces have been studied
because of the dimensions of our slab. With this roughness
there is no direct way for the phonons to be transmitted
thought the z direction, passing only through one type of
material—interfaces with randomlike roughness to compare
the effect of the shape of interfaces on the thermal conduc-
tivity. For example, for the roughness whose height is 4a0,
the average of the characteristic height of the picks is set to
4a0 with variation of 25% �set arbitrary� around this value,
thus the pick height varies between 3a0 and 5a0. Figure 4
represents two structures with the same roughness height:
one periodic and the other random. For computational time
consideration, simulation were carried out for the roughness
height equal to a0, 4a0, 8a0, and 12a0.

For the structures with a double period, 40�10�z, we
simulated the same roughness but also those of 16a0, 20a0,
and 24a0 to examine the effect on the thermal conductivity of
the ratio of superlattices period to the roughness. In Fig. 5
superlattices with smooth interfaces and with rough inter-
faces of 2a0 and 12a0 are presented as examples, for both
superlattice periods.

III. RESULTS

A. Validation of the NEMD method

By using the methodology described in the previous sec-
tion the thermal conductivity and the phonon mean-free path
for the fcc bulk Lennard-Jones crystal has been calculated at
a temperature of 0.15 �LJ�. Thermal conductivity is equal to
�m1

=73.9	1.5�LJ� and the phonon mean-free path
PFMPm1

=37.8a0 for the Lennard-Jones system with m1=1,
�=1, and �=1. These values were obtained by extrapolation
to infinite z sizes. The largest system simulated involved
2.048�106 atoms. The value of thermal conductivity calcu-
lated for a Lennard-Jones system can be converted in the SI
system for Argon taking �=3.40 Å, �=1.654�10−21 J, and
mAr=6.6335�10−26 kg. One obtains a value of 1.4 W/mK at
a temperature of 18 K �0.15 LJ�. This is in a good agreement
with experimental data �1.5 to 2.5 W/mK�.53–55 The thermal
conductivity for the Lennard-Jones system with atoms of
mass m2=2 is given by

�m1
�m1 = �m2

�m2 ⇒ �m2

=
�m1

�m2

m1

=
�m1

�2
⇒ �m2

= 52.26�W/mK� . �3�

FIG. 4. �Color online� Superlattice interfaces with characteristic
heights of 8a0, with periodic roughness �left� and random roughness
�right�.

FIG. 5. �Color online� Examples of superlattices with smooth
and rough interfaces studied for superlattice periods of 20a0 and
40a0. The roughness of the interfaces is on yz plane; z is the direc-
tion of the imposed temperature gradient.
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B. Calculations of the thermal conductivity of superlattices
with NEMD

For all the structures described above �Sec. II C�, NEMD
calculations have been performed. For both sets of structures
�20�10�z ,40�10�z�, there is a systematic decrease in
the thermal conductivity and the phonon mean-free path, as
the roughness is increased �Fig. 6�, until a specific roughness
is reached that depends on the superlattice period. For the
20�10�z set of structures, the minimum occurs at a rough-
ness of 8a0, while for the 40�10�z set of structures it
occurs at roughness of 16a0. Beyond the roughness at which
the minimum of thermal conductivity is reached, the thermal
conductivity increases. This result is unexpected and is dis-
cussed in Sec. IV. The demonstration of the minimum is
actually not really obvious since the uncertainties are quite
large. It would have been interesting to confirm the increas-
ing behavior of the thermal conductivity for larger roughness
height. However, for larger heights, the structures have no
more interest since the fabrication would not be possible.
Moreover, from a calculation point of view, larger heights
would also lead to much larger systems and then consumma-
tion of huge CPU time for the simulations.

One can see the same kind of minimum also for the pho-
non mean-free path. Here, there is a small shift in the posi-
tion of the minimum so for the 20�10�z structures, the
minimum occurs at 9.5a0 while for the 40�10�z structures
it occurs at a characteristic interface height of 13a0. Both the
thermal conductivity and phonon mean-free path have higher
values for the 40�20�z set of structures compared to the
20�10�z set �Fig. 6�a��, as expected, since the double-
period superlattices have a lower density of interfaces. When
the thermal conductivity reaches the minimum, its value is
reduced by 40% for both 20�10�z and 40�10�z com-
pared with the value obtained for the smooth interfaces.

In Fig. 7 the thermal conductivity is plotted as a function
of the ratio, r, of the characteristic size of the roughness of
the interfaces to the superlattice period. For the two super-
lattice periods �20a0 and 40a0�, the minimum in the thermal
conductivity occurs at the same value of the ratio r.

The thermal-conductivity function of the roughness height
for random and periodic interfaces has been calculated for a
superlattice period of 20a0 �Fig. 8�. The thermal conductivity
of superlattices with random interfaces decreases monotoni-
cally in increasing roughness. This result is expected from
previous literature results.8,27,56,57 In contrast for the periodic
roughness results the thermal conductivity exhibits a mini-
mum when the roughness height increases.

C. Calculations of the thermal conductivity of free-standing
films

To enhance the interfacial effects we studied systems
where one material is replaced with vacuum, i.e., free-
standing films. A free surface should induce similar phenom-
ena as an interface between two very dissimilar materials,
namely, with negligible phonon transmission across the in-
terface. Thermal conductivity for smooth films of various

FIG. 6. �a� Thermal conductivity and �b� phonon-mean-free-path dependence on the roughness of superlattice interfaces �zero roughness
denotes smooth interfaces� for the slabs with dimensions 20�10�z �squares� and 40�10�z �open circles�. The dotted lines serve as a
guide for the eyes. �SL: superlattice, CMM: continuum media method.�

FIG. 7. In-plane thermal-conductivity dependence with the rate
of roughness of superlattice interfaces with the period of superlat-
tices �20�10�z squares and 40�10�z circles�. The dotted lines
serve as a guide for the eyes.
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thicknesses have been measured and predicted.2,58,59 The
thermal conductivity of thin films decreases when the film
thickness decreases due to the increase in the scattering of
phonons on free surfaces.60–62

All simulations have been conducted for material 1 with
mass m1. The slab thickness is equal to half the period of the
superlattice. We chose 10a0 to be able to compare the results
with those obtained for the superlattice with a period of 20a0.
The smooth free surfaces and the free surfaces with rough-
ness with characteristic sizes equal to 4, 6, 8, 10, and 12a0
were simulated to determine the value of the thermal con-
ductivity �Fig. 9�. The trend in the influence of the roughness
on both the thermal conductivity and the phonon mean-free
path is the same as for the superlattices. The minimum of the
thermal conductivity occurs at the same roughness dimen-
sion �8a0�. The thermal conductivity and the phonon mean-
free path of the free surfaces are lower than those of the

superlattices, which is likely due to complete phonon reflec-
tion at free interfaces.

D. Calculation of the thermal conductivity using continuum
analysis

When the material is assumed to be continuous, Fourier’s
law, which describes the diffusive behavior of heat carriers in
matter, can be used to evaluate the thermal conductivity of
the composite material assuming perfect contact between the
layers. Using the analogy of the thermal to electric resistance
�the schematic of the analogy of the two resistors in parallel
and series is shown in Fig. 10�, the equivalent thermal con-
ductivity in the in-plane and cross-plane direction of the su-
perlattices would be

1

Rparallel
=

1

R1
+

1

R2
=

�1S1

L
+

�2S2

L
, �4�

with

FIG. 8. Thermal conductivity function of interface roughness for
superlattices of periodicity of 20a0. The filled squares represent the
results for random roughness while the open circles are the results
for interfaces with periodic roughness. The dotted lines serve as a
guide for the eyes.

FIG. 9. �a� In-plane thermal conductivity and �b� phonon-mean-free-path function of the roughness of superlattice and of free surfaces
�zero roughness denotes smooth interfaces� for the slabs with dimensions 20�10�z. The dotted lines serve as a guide for the eyes.

FIG. 10. Illustration of the analogy of the thermal to electrical
resistance �a� the superlattice, �b� resistors in parallel for the in-
plane thermal conductivity, and �c� resistors in series for the cross-
plane thermal conductivity.
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S1 = S2 =
S	

2
, �5�

then

Rparallel =
R1R2

R1 + R2
=

L

S

2

�1 + �2
, �6�

thus, the equivalent in-plane thermal conductivity is ex-
pressed by the equation

�equivalent
in-plane =

�1�2

2
. �7�

For resistors in series,

Rseries = R1 + R2 =
�1

�1S�

+
�2

�2S�

=
1

2

�

S

�1�2

�1 + �2
�8�

so the equivalent cross-plane thermal conductivity is given
by the formula

�equivalent
cross-plane = 2

�1�2

�1 + �2
. �9�

By using the bulk values of thermal conductivity for
masses 1 and 2 aforementioned, the equivalent in-plane ther-
mal conductivity would be �equivalent

in-plane =63.09 LJ while the
equivalent thermal conductivity in the cross-plane direction
would be �equivalent

cross-plane=61.2 LJ. This is the value mentioned in
the captions of Figs. 6�a� and 11. This value neglects the
interface-scattering phenomena and should be the upper
bound for the thermal conductivity of the superlattices. With
the same procedure the phonon mean-free path for the two
materials is PMFPequivalent

in-plane =32.3a0 and PMFPequivalent
cross-plane

=31.3a0 �PMFPm1
=37.8a0 and PMFPm2

=26.8a0�.

For rough interfaces, numerical solutions obtained by
COMSOL multiphysics of the heat-transfer software are used
to determine the equivalent thermal conductivity. In Fig. 11
the results of the equivalent thermal-conductivity depen-
dence on roughness are showed. Treating matter as a diffu-
sive medium �i.e., by use of the Fourier’s law�, the numerical
solution of the differential equation of heat conduction leads
to the same results as that obtained with the analytical model
based on the electrical analogy for the smooth interfaces.
This can be explained, as in this case the heat transfer is one
dimensional so there are no heat-flux-line constrictions. In
Fig. 11 there is a systematic decrease in the in-plane thermal
conductivity with increasing roughness of the interfaces for
both periods of superlattices. In contrast, the cross-plane
thermal conductivity is increased with an increase in rough-
ness. For the in-plane thermal conductivity the roughness-
induced heat-flux-line constrictions due to the thermal-
conductivity differences. For the cross-plane thermal
conductivity, the presence of the roughness allows a part of
the heat flux to decrease its path through the material with
the lower thermal conductivity, leading to an increase in the
thermal conductivity with an increase in the size of the
roughness. Infinite roughness in the current study would
mean imposing the temperature gradient in the direction 45°
relative to the direction of the interfaces for both the in- and
cross-plane cases. This can be named intraplane thermal
conductivity63 �Fig. 12�.

IV. DISCUSSION AND CONCLUSIONS

The influence of the characteristic height of interface
roughness and of the superlattice period on the in-plane ther-
mal conductivity has been studied. The interfaces have either
periodic shapes of right isosceles triangles or randomlike
shapes, whose height varies from a few atomic layers to a
characteristic size of the same order of magnitude as the
superlattice period. Thin films with rough periodic surfaces
have been also studied with the aim of determining the mag-
nified effects introduced by the interfacial roughness.

The results obtained with the NEMD method are com-
pared with the results obtained assuming the matter continu-

FIG. 11. In-plane and cross-plane thermal conductivity calcu-
lated with continuum-media method. For smooth interfaces, the val-
ues of thermal conductivity are extracted by the model of analogy
of thermal and electrical resistance. The black triangles and the
open squares are the results of the in-plane thermal conductivity for
superlattice periods of 20 and 40�0 while the black hexagons and
the open circles the results of the cross-plane thermal conductivity
again of superlattice periods of 20 and 40�0 by the continuum-
media method.

FIG. 12. Illustration of a superlattice with infinite interface
roughness. The cross-plane and in-plane thermal conductivities
paths are marked.
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ous and diffusive for both superlattices �Fig. 6�a�� and films
with free surfaces �Fig. 9�a��. NEMD method predicts ther-
mal conductivity which is lower by at least 60% for super-
lattice which periodicity is equal to 20a0 and 50% for super-
lattice period of 40a0 compared with the equivalent thermal
conductivity, calculated with the continuum-media assump-
tion. The continuum-media method fails to describe the ther-
mal conductivity of superlattices when the layer thickness is
of the same order of magnitude as the phonon mean-free
path. The difference in the thermal conductivity for the
smooth interfaces obtained with the continuum-media
method and the discrete method is a combination of two
effects. The first one is the phonon-confinement effect, which
depends on the ratio of the superlattice period to the phonon
mean-free path. With an increase in the superlattice period,
the thermal conductivity increases as expected because the
medium becomes more diffusive since the period size be-
comes larger than the phonon mean-free path �Fig. 6�b��. The
second reason is related to the thermal-boundary resistance.
Although the superlattice period is decreased the density of
interfaces is increased. There is no direct way to estimate
quantitatively the contribution of the two effects. Finally the
continuum media method predict that the cross-plane and
in-plane thermal conductivity tend to the same asymptotical
value when the size of the roughness increases �about 62 in
LJ unit� �Fig. 11�.

The thermal conductivity of superlattices with periodic
rough interfaces and thin films with free periodic rough sur-
faces obtained with NEMDS exhibit the same trends. The
phonon mean-free path and the thermal conductivity for the
free surfaces are smaller compared with those of superlat-
tices with the same roughness. This means that the phonon
transmission plays an important role for the heat-transfer ef-
ficiency. In both cases, the thermal conductivity decreases
when the roughness increases. It seems that the thermal con-
ductivity reaches a minimum when the roughness increases.
The detected minimum in the thermal conductivity is related
to a ratio of roughness of the interfaces to superlattice period
of 0.4. Concerning the variation in the superlattice period, a
more pronounced decrease in the thermal conductivity was
detected for superlattices with a smaller superlattice period.

A schematic of the reflection phenomena related to free
surfaces with periodic roughness is illustrated in Fig. 13. The
same phenomena are considered for interfaces of superlat-
tices with periodic roughness. The main difference lies in the
existence of transmission of phonons from one material to
the other. Four different cases for phonon behavior can be
considered, depending on the roughness of free surfaces.
First of all, for smooth surfaces if one assumes that the domi-
nant phenomenon is the specular reflection, the angle of re-
flection would be equal to the angle of incidence. In this case
the smooth surface film would be equivalent to bulk material
if the reflection would be purely specular. This is actually not
the case since the thermal conductivity of the film decreases

when the film thickness decreases �at least enough to be of
the same order of magnitude as the phonon mean-free path�.
For rough surfaces with small roughness the reflection be-
comes more diffusive and the reflected phonons are distrib-
uted over a wide range of angles, which induces an addi-
tional resistance. It has been shown in the section with the
results, that increasing the characteristic height of the rough-
ness of the interfaces, there is a decrease in the thermal con-
ductivity. For rough surfaces with high roughness there is a
combination of specular and diffusive reflection. This last
case shows similarities with the smooth surface but now the
specular reflection gives rise to back scattering. The latter
case is related to the minimum in the thermal conductivity
detected for free surfaces, as well as for interfaces of super-
lattices. A further increase in the surface roughness leads to
higher thermal conductivity. This further increase in the ther-
mal conductivity is related to the fact that the number of
interactions with surfaces is decreased and the path between
each interaction is increased.

For the randomlike roughness, the monotonous decrease
in the thermal conductivity in increasing the roughness’s
height means that the phonon behavior at the interface re-
mains diffusive, phenomena of back scattering and specular
reflection, play a secondary role here.

The variation in the ratio of interface roughness to the
superlattice period can tailor the thermal properties of super-
lattices. The perspective is to examine the variations in the
cross-plane thermal conductivity as a function of the rough-
ness and the temperature that would affect the phonon mean-
free path.

ACKNOWLEDGMENTS

This work has been conducted within the framework of a
post doc financed by the CNRS to support the projects ANR-
New researchers NanoMetrETher and ANR COFISIS. The
authors are grateful for the use of the large computer facili-
ties; CNRS-IDRIS and the P2CHPD of the FLCHP �Fédéra-
tion Lyonnaise de Calcul Haute Performance�.

FIG. 13. Reflection cases depending on the roughness of the
interfaces: �a� for smooth surfaces, �b� for surfaces with small
roughness, �c� for surfaces with height of roughness comparable to
the superlattice period, and �d� for surfaces, with characteristic size
of surface roughness higher than the film thickness.
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